In this paper, the design and dynamic balancing of a novel 3-DOF parallel mechanism referred to as parallelepiped mechanism are addressed. Two types of actuation schemes of the mechanism are considered. The balancing equations are derived by imposing that the center of mass of the mechanism is fixed and that the total angular momentum is constant with respect to a fixed point. Optimization is performed to determine the counterweights and counter-rotations based on the balancing conditions. The dynamic simulation software ADAMS is used to simulate the motion of the 3-DOF parallelepiped mechanisms and to verify that the mechanisms are reactionless at all times and for any trajectory. A numerical example of a reactionless 3-DOF parallelepiped mechanism is given. It is shown that 3-DOF parallelepiped mechanisms can be completely balanced and used to synthesize 6-DOF reactionless manipulators. Additionally, the inverse and direct kinematic problems of the 3-DOF parallelepiped mechanisms as well as simulation tools for demonstrating the characteristics of the mechanisms are also introduced in this paper.
INTRODUCTION
Parallel mechanisms are characterized by low moving inertia, high stiffness, high dexterity, compact size, high power to weight ratio and hence they can be controlled with a very high bandwidth.
Parallel mechanisms are excellent candidates for advanced robotic applications. However, similarly to other robotic devices, parallel mechanisms exert forces and moments on their base while moving [1] . These forces and moments cause fatigue, vibration, noise and disturbances in the supporting structure of the mechanism. Furthermore, the above mentioned reactions can have major repercussions in advanced robotic applications like space robotics and telescope mechanisms.
A mechanism is said to be reactionless or dynamically balanced if the reaction forces and moments at its base are identically equal to zero at all times and for any motion of the mechanism. In space applications, this condition is required in order to preserve the momentum of the moving base (space vehicle, satellite or space station). In telescopes, this condition is also crucial in order to avoid exciting the structure of the telescope while moving the mirrors at high frequencies in order to correct for atmospheric disturbances.
The balancing of mechanisms has been an important research topic for several decades [2] [3] [4] [5] . Extensive studies on the static and dynamic balancing of planar linkages [5] [6] [7] and some research works related to the complete balancing of spatial linkages with only one degree of freedom [8] [9] [10] [11] have been presented in the literature. However, the complete dynamic balancing of spatial multi-degree-of-freedom parallel manipulators or mechanisms has received virtually no attention due to the complexity of the problem. To the best of our knowledge, only Côté, Gosselin and Vollmer [12] designed a spatial 3-DOF reactionless mechanism using four-bar linkages based on the method presented in [1] . In order to meet the requirements for advanced robotic applications like space robotics and telescope mechanisms, the development of spatial reactionless multi-degree-of-freedomhaving up to 6-DOF -mechanisms or manipulators has become a more and more challenging and imperative research issue in the field of parallel mechanisms. In fact, some authors have addressed the trajectory planning of manipulators in order to generate reactionless trajectories or minimize disturbances [13] [14] [15] [16] [17] . However, the synthesis of a spatial multi-degree-of-freedom mechanism that would be reactionless for any trajectory has not yet been successfully addressed.
In this paper, a novel 3-DOF parallel mechanism referred to as parallelepiped mechanism is first presented. After describing the design techniques and the kinematics of the mechanism, the expressions of the position vector of the global center of mass and of the total angular momentum are given for each of the two instances of the mechanism. The sets of equations of static and dynamic balancing are finally obtained by imposing that the center of mass of the mechanism is fixed and that the total angular momentum is constant with respect to a fixed point. Optimization is introduced to determine the counterweights and counter-rotations. The dynamic simulation software ADAMS is then used to simulate the motion of 3-DOF parallelepiped mechanisms and to verify that the mechanisms are reactionless at all times and for any trajectory.
KINEMATICS OF THE 3-DOF PARALLELEPIPED MECHANISMS

Description of the 3-DOF Parallelepiped Mechanisms
A schematic representation of a 3-DOF parallelepiped mechanism is shown in Fig. 1 . Point P is the end-effector and is located on the axis of link BF P . The mechanism consists of a parallelepiped with 6 faces. The parallelepiped can be deformed with the faces remaining planar and with opposite faces remaining parallel, while providing three degrees of freedom, and can therefore be used to position point P in space. The three edges attached to the ground and denoted by V 1 , V 2 and V 3 respectively are actuated using fixed revolute actuators. The following groups of links have equal length, namely: OA = CB = GF = DE, OC = AB = EF = DG, OD = AE = BF = CG. All the opposite links remain parallel throughout the motion, i.e., OA CB GF DE, OC AB EF DG and OD AE BF CG.
Several feasible designs of the parallelepiped mechanism have been investigated. A simple implementation is to use an offset planar hinge [18] at each corner of the 6 faces of the mechanism. Hence, the three adjacent links can rotate about the vertex center point at each vertex of the parallelepiped as a spherical joint while the faces of the parallelepiped remain planar.
The fixed coordinate axes of the inertial frame are denoted by OXY Z and are attached to the base. The Z axis is perpendicular to the base plane. Two types of actuation schemes of the mechanism designated as Case I and Case II respectively ( Fig. 2 and Fig. 3 ) are considered in the present work. In Case I, V 1 and V 2 rotate around the Z axis and V 3 around the X axis, while in Case II, V 1 , V 2 and V 3 rotate around the Y , Z and X axes respectively. 
Inverse Kinematics
Computing the set of actuated joint coordinates from the set of Cartesian coordinates is referred to as the inverse kinematic problem (IKP). Since the trajectories of the mechanism are usually given in the Cartesian space while the actuators are mounted at joints, the solution of the IKP is necessary for controlling a manipulator.
In parallelepiped mechanisms (Fig.1) , let the Cartesian coordinates of P be (x, y, z) expressed in the fixed frame. Moreover, let l 1 , l 2 and l 3 be the lengths of the three edges of the parallelepiped mechanism and let l e be the length of the extended part of link BF attached to the end-effector. The definitions of the actuated joint coordinates (θ 1 , θ 2 , θ 3 ) are shown in Figs.2 and 3 .
Case I The position of the end-effector can be written as
where
Hence,
From the above equation, two solutions for θ 3 -obtained from the z component -and four solutions for θ 1 and θ 2 are obtained.
For the velocity analysis, the differentiation of Eq.(3) with respect to time yieldsṗ
where J is the Jacobian matrix, which can be written as follows
Hence, the actuated joint velocities can be obtained by solving the linear system of equations given in Eq.(4).
An example is now given in order to illustrate the inverse kinematics and velocity analysis of the mechanism. Let
where the lengths are in meters. The end-effector traces a planar circle with a radius of 0.05 m, centered in (0, 0, 0.1) and located in a plane parallel to the XY plane, i.e., the parametric equations of the trajectory can be written as, for 0 ≤ t ≤ 2π, Case II For Case II, one has
and hence Eq. (1) leads to
The Jacobian matrix is written as
From Eqs. (4), (7) and (8), the actuated joint coordinates and velocities can be obtained. In this case, the IKP leads to a maximum of eight real solutions.
Direct Kinematics
Computing the set of Cartesian coordinates from the set of actuated joint coordinates is referred to as the direct kinematic problem (DKP). For given actuated joint coordinates (θ 1 , θ 2 and θ 3 ), the Cartesian coordinates can be calculated from Eqs. (3) and (7) for Case I and Case II respectively. The solution is unique and straightforward.
Development of Simulation Tools for 3-DOF Parallelepiped Mechanisms
In order to simulate the kinematics of 3-DOF parallelepiped mechanisms, simulation tools have been developed using Matlab on the basis of the inverse kinematic solutions mentioned above. These tools allow the kinematic simulation of the mechanism for any given trajectory and show the position of the mechanism and the actuated joint coordinates for any interactively given set of Cartesian coordinates (see Fig. 5 ).
DYNAMIC BALANCING OF 3-DOF PARALLELEPIPED MECHANISMS Conditions for the Mechanisms to be Reactionless
Two constraints have to be satisfied for a mechanism to be reactionless, namely, the center of mass of the mechanism should remain fixed and the total angular momentum must remain constant with respect to a fixed point at all times for any arbitrary trajectory of the end-effector. Consequently, the derivative with respect to time of the position vector of the center of mass r and the derivative with respect to time of the total angular momentum of the mechanism h o relative to the fixed point O can only be zero [1, 13] , i.e., dr dt = 0 (9)
Eqs. (9) and (10) are necessary and sufficient conditions for a mechanism to be dynamically balanced, i.e., reactionless.
Since a reactionless 6-DOF parallel manipulator using parallelepiped mechanisms will be constructed in our future work, a point mass is here considered at the end-effector. Indeed, the 6-DOF manipulator will be composed of three legs connecting the base to a common thin platform. Each of the three legs will be a parallelepiped mechanism. The mass m pl and inertia of the platform are distributed on each of the attachment points of the legs and replaced by three point masses m p . This is accomplished through the following equation:
where k pl is the radius of gyration of the platform and r p is the distance between the point mass and the centroid of the platform. Since the attachment points are symmetrically arranged on a plane, m p is equal to one third of m pl . Hence r p is equal to k pl . Therefore, by dynamically balancing each of the three legs -including the point mass -and attaching the legs -without the point masses -to a common platform satisfying Eq.(11), a reactionless 6-DOF mechanism will be obtained. In the present work the dynamic balancing of a 3-DOF parallelepiped mechanism with a point mass is addressed. From Fig. 6 , the position vector of the global center of mass of the parallelepiped mechanism, noted r, can be written as M r = m 1 r 1 e 1 + m 2 r 2 e 2 + m 3 (l 1 e 1 + r 3 e 2 )+ m 4 (l 2 e 2 + r 4 e 1 ) + m 5 (l 3 e 3 + r 5 e 1 )+ m 6 (l 3 e 3 + r 6 e 2 ) + m 7 (l 1 e 1 + l 3 e 3 + r 7 e 2 )+ m 8 (l 3 e 3 + l 2 e 2 + r 8 e 1 ) + m 9 r 9 e 3 + m 10 (l 1
where r i is the distance from a vertex to the center of mass of link i, as indicated on the figure, m p is the point mass located at point P and m i is the mass of the ith link of the mechanism, as indicated in Fig. 6 . Moreover, M is the total mass of the mechanism, i.e.,
and vectors e i are as defined in Eqs. 
From Eq. (9), a set of sufficient conditions for static balancing of the mechanism can be written as follows 
Moreover, for case I, the angular momentum of the mechanism can be written as
where r p is the position vector of point P , I cri is the inertia of the counter-rotation connected to the ith actuator -which is added to dynamically balance the mechanism -and r gi is the position vector of the center of mass of the ith link. Vector h gi is the angular momentum of the ith link with respect to its center of mass, i.e,
where k i is the radius of gyration of the ith link with respect to its center of mass and, for Case I,
The components of h o can then be written as h ox = A(sin θ 1 cos θ 3θ3 − cos θ 1 sin θ 3θ1 ) + B(sin θ 2 cos θ 3θ3 − cos θ 2 sin θ 3θ2 ) + Fθ 3 (20)
h oz = A(sin θ 1 cos θ 3θ1 − cos θ 1 sin θ 3θ3 ) + B(sin θ 2 cos θ 3θ2 − cos θ 2 sin θ 3θ3 ) + C cos (θ 2 − θ 1 )(θ 1 +θ 2 ) + Dθ 1 + Eθ 2 
Optimization
From the equations obtained above for the static and dynamic balancing of the mechanisms it is clear that there exist infinitely many solutions to the equations and that a direct determination of the variables -the masses and positions of counterweights and the magnitude of the counter-rotations -is not straightforward. In other words there are infinitely many reactionless mechanisms available for a given geometry of the parallelepiped mechanisms. Hence, optimization is used in order to obtain better solutions for the counterweights and counter-rotations. The objective of the optimization is to minimize the masses of the conterweights and to locate the center of mass of each link as close as possible to the geometric center of the link. Two different types of objective functions have been used for the optimization of the parallelepiped mechanisms, namely
where η 1 and η 2 are weighting coefficients and m ci is the mass of the counterweight added on the ith link. The optimization is subject to the constraint conditions (15) (16) (17) and (29-31). The masses and positions of counterweights are selected as the variables of the optimization. This is the optimization of a constrained nonlinear multivariable function. Hence, the function constr of the mathematical software Matlab is used for this purpose. This function uses the Sequential Quadratic Programming (SQP) in addition to checking the positivity of the Hessian of the Lagrangian at each major iteration. The counter-rotations are computed, a posteriori, upon convergence to a solution, by substituting the optimum solution into Eqs.(32-34) and solving for I cri . The mass m i , position of center of mass r i and radius of gyration k i of the ith link can be calculated from the link parameters and the mass and position of the added counterweight on the link. An example of optimization is now given. The geometry of the mechanism has been chosen such that
and an optimization has been performed using the objective function of Eq.(36). The following result has been obtained: . The reactionless example mechanism is represented schematically in Fig. 7 . The three counterrotations are connected to the actuated bars by transmissions and the magnitudes of the counter-rotations with respect to corresponding axes must be I cr1 , I cr2 and I cr3 .
Verification of the Reactionless Property
The verification of the reactionless property is performed using the dynamic simulation software ADAMS. For the above example mechanism, simulation models for Case I and Case II respectively are built using ADAMS (Fig. 8) . The joints are defined using revolute joints or spherical joints. However, in order to reproduce the real motion of the mechanism, some constraintsparallelism between the bars -are also imposed. It has been found that this does not affect the resulting reaction forces and moments on the base. The mass, center of mass and moments of inertia of each link are specified interactively. The three cylinders -with certain moments of inertia and defined as counterrotations -are fixed on the base and connected respectively to the actuated links by gears and the resulting counter-rotations with respect to corresponding axes must be equal to the required values. Simulations have been performed for several arbitrary trajectories. The global reaction forces and moments on the base for the two cases are illustrated in Fig. 9 . The results clearly demonstrate that the resulting reaction forces and moments on the base are very small with respect to the joint forces and driving torques (with a ratio of 10 ). Indeed, the reaction forces and moments obtained are most likely due to numerical simulation noise or small modeling errors. Hence, it is clearly shown that the 3-DOF parallelepiped mechanisms can be completely balanced. In other words, there are no reaction forces and moments on the base at all times and for any trajectory. 
PRACTICAL IMPLEMENTATION
Several feasible designs can be proposed. Moreover, it is found that half of the parallelepiped mechanism ( Fig. 1) -with three instead of six faces -has the same function as the parallelepiped. The CAD model and schematic representation of a practical implementation of the parallelepiped mechanisms (Case I) are shown in Fig. 10 and Fig. 11 respectively. The bottom face consists of a planar 5-bar linkage connected by revolute joints. The offset in the linkage is designed for the mounting of the two actuators which drive the edges V 1 and V 2 ( Fig. 1) respectively. The side face consists of a 6-bar linkage connected by a spherical joint (D) and revolute joints (G, C, I, M and O). Similar joint designs are used for the third face. Notice that all the axes of the revolute joints at a vertex intersect at the vertex center point. Furthermore, OA = CB = HF, OC = AB = DG, OD = CG, CH = BF . The three actuators are fixed to the base. Then, the mechanism can be deformed with the faces remaining planar and can be used to position the end-effector. The conditions of static and dynamic balancing of this mechanism are different from that of the parallelepiped mechanism (Fig. 6) . However, only some terms in Eqs. (15) (16) (17) and Eqs.(29-34) have to be changed for this purpose and the reactionless conditions of this mechanism can be easily derived following the procedure mentioned above.
CONCLUSION
The design and dynamic balancing of a novel 3-DOF parallel mechanism referred to as parallelepiped mechanism are addressed in this paper. Two modes of actuation of the mechanism are considered. The balancing equations have been derived by imposing that the center of mass of the mechanism is fixed and that the total angular momentum is constant with re-spect to a fixed point. A set of conditions on the link parameters has thereby been obtained, which constitutes the balancing conditions. Counterweights and counter-rotations are used to dynamically balance the mechanism. Optimizations have been performed in order to obtain solutions for the counterweights and counter-rotations, based on the balancing conditions. The dynamic simulation software ADAMS has been used to simulate the motion of the novel 3-DOF parallelepiped mechanisms and to verify that the mechanisms are reactionless at all times and for any trajectory. A numerical example of a reactionless 3-DOF parallelepiped mechanism has been given in this paper and it has been shown that 3-DOF parallelepiped mechanisms can be completely balanced and used to synthesize 6-DOF reactionless manipulators. Finally, a practical implementation of the parallelepiped mechanisms is given. Meanwhile, the inverse and direct kinematic problems of the 3-DOF parallelepiped mechanisms have been solved and simulation tools for demonstrating the characteristics of the mechanisms have also been developed. Future work includes the design and fabrication of balanced prototypes of parallelepiped mechanisms and the synthesis of reactionless spatial 6-DOF parallel manipulators using parallelepiped mechanisms.
